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Tensor meson photoproduction as a final state interaction effect
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The model is presented to describe the f2(1270) meson photoproduction as a result of pion-
pion interactions in the final state. Treating tensor mesons as objects dynamically created due to
final state interactions is a convenient and straightforward way to employ data from pipi scattering
like phase shifts and inelasticities for description of (photo)production reactions while retaining
proper analytical structure of amplitudes, two particle unitarity and crossing symmetry. The model
presented here can provide experimentally testable quantities like differential cross sections and
pipi mass distributions as well as the strengths of partial waves corresponding to various f2(1270)
helicities which are essential for partial wave analyses. It can also be used to compute moments
of angular distribution and spin density matrix elements where partial wave interference effects are
important.
PACS numbers: 13.60.Le, 13.75.-n, 13.60.-r, 14.40.-n
I. INTRODUCTION
Description of the spectrum of resonances observed
in the pipi (and KK) system and excited in photon nu-
cleon collisions is one of the most challenging problems of
hadron spectroscopy. In the diffractive region of high en-
ergies and lowmomentum transfers, this reaction is domi-
nated by vector meson production generated by Pomeron
exchange, and its theory is quite firm [1–3]. In the
lower energies, the P -wave pi+pi− photoproduction was
described in terms of the t-channel exchange of Reggeons
[4, 5]. Attempts have also been made to include the in-
termediate nucleon resonances through various s-channel
and u-channel mechanisms [6–8]. For the photoproduc-
tion of the S-wave and D-wave resonances, the situation
is not clear both experimentally and theoretically. Be-
cause of small photoproduction cross sections, they are
very difficult to observe in mass distributions. So the
method of choice is to analyze the interference patterns
of the weak S- and D-wave amplitudes with dominant
P -wave amplitude. The partial wave interference can
be conveniently analyzed with moments of pion angular
distribution or spin density matrix elements. Such an ap-
proach was employed in a recent analysis of the reaction
γp → pi+pi−p performed by the CLAS group at Jeffer-
son Laboratory, where the first observation of f0(980)
photoproduction was reported [9]. The same experiment
saw the f2(1270) signal, which previously was also ob-
served by Hermes experiment at Deutsches Elektronen-
Synchrotron using similar methods [10]. The apparent
sensitivity of moments analysis in the search for a sig-
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nal of rare resonances has a reverse, however, namely,
that it requires proper accounting for all relevant pro-
duction mechanisms. Nevertheless this method has been
successfully employed to extract the f0(980) and a0(980)
from the photoproduced KK spectrum [11] and f0(980)
from the pi+pi− spectrum [12]. The amplitude of f2(1270)
photoproduction is the necessary ingredient in order to
properly describe the partial wave interference pattern
for pipi effective masses above 1 GeV.
Previously, the electromagnetic processes involving
tensor mesons were discribed in terms of the combined
tensor meson dominance and vector meson dominance
models [5, 13, 14], Regge inspired exchange models
[15, 16], or effective field theories [17, 18]. None of these
approaches can, however, be treated as properly tested
in tensor meson photoproduction on a nucleon. Produc-
tion of f2(1270) has been extensively analyzed in other
reactions like γγ → pi+pi− and γγ → pi0pi0 [19, 20]. The
authors of these studies found that this resonance is dom-
inantly produced in quark-antiquark channel and that
pion-pion final state interactions are negligible. We note,
however, that qualitative characteristics of the γγ → pipi
reaction are quite different from those of γp → pi+pi−p
photoproduction. For example, the f0(980) signal which
is relatively small yet clear in γγ → pipi reaction analyzed
by Belle [21] is completely absent in pi+pi− mass distribu-
tion of γp → pi+pi−p reaction measured by CLAS, even
though the data errors and mass resolution of 10 MeV are
in principle sufficient to observe it (see eg. Fig. 4 of [9]).
It was only due to f0(980) interference with the dom-
inant P−wave that the f0(980) has been observed. On
the other hand, in the pi+pi− and pi0pi0 mass distributions
measured by Belle Collaboration [21], the f2(1270) signal
hugely outnumbers the f0(980) one. This is in contrast
with the mass distributions of the S− andD−waves mea-
sured by CLAS and integrated in the neighborhood of the
f0(980) and f2(1270) resonances for the γp→ pi+pi−p re-
2action. In this measurement, the f0(980) cross section is
smaller than the f2(1270) one only by a factor of about
4 (see figs. 22 and 24 of [9]). We also stress that our ap-
proach does not contradict the qq¯ nature of the f2(1270)
resonance. This is because the pipi amplitudes which we
use as the input were derived in the model independent
way. Moreover, our assumptions concerning the meson
exchanges included in Born amplitudes can be directly
checked by comparison of model predictions with preci-
sion data on partial wave interference in the pipi effective
mass range corresponding to the f2(1270) resonance.
In what follows, we will refer to pi+pi− photoproduc-
tion as description of D-wave data from CLAS is our
main objective. One has to mention, however, that the
formalism we present is mutatis mutandis applicable to
pi0pi0 photoproduction.
II. MODEL FOR THE pi+pi−
PHOTOPRODUCTION
A. Born amplitudes
In our approach the tensor meson photoproduction is
treated as a two-stage phenomenon. First, a pair of pions
is photoproduced. According to Regge phenomenology,
this process at high energies should be dominated by t-
channel ρ and ω exchanges. Then pions undergo the final
state interactions which may result in the resonance cre-
ation. This two-stage process is schematically drawn in
Fig.1. The principal merit of the model we propose is
that it preserves important features of the pipi scatter-
ing amplitudes described in Sec. II B like two-particle
unitarity, proper analytical structure, and crossing sym-
metry and embeds them seamlessly in the framework of
the photoproduction amplitude. We follow the general
FIG. 1. The diagram of two pion photoproduction with final
state interactions where a denotes pi, ρ or ω.
formalism of Refs. [22, 23] but specialize the results to
the case of two pions photoproduced in the D-wave (for
completeness we will recall some important formulas of
these references). The amplitude of the final state in-
teractions is described in [24, 25]. In principle, our ap-
proach does not engage any new parameters, as coupling
constants and form factor range parameters are common
for all partial waves and the same as in [22]. The vector
meson to nucleon couplings are taken from Bonn model
[26] and so is the monopole form factor used in V NN
vertex. In practice, however, the cross sections com-
puted with these parameters substantially overestimate
the experimentally measured data. So we leave ourselves
with the freedom to use the overall rescaling factor to
adjust the cross section predicted by the model to ex-
perimental data. Thus, we treat the relative strengths
of partial waves corresponding to different angular mo-
mentum projections as the principal model prediction.
These depend mainly on the meson exchanges taken into
account in the model. We believe that any possible vari-
ations of couplings will not change the picture presented
here substantially. Predictions for partial wave ampli-
tude strengths (and phases) are important components
for analysis of moments of pi+pi− angular distribution.
This analysis will be discussed in the paper to follow [27]
with application of amplitudes discussed here. Our cal-
culations are performed in the helicity system which is
the center of the mass system of the two photoproduced
pions. In this system the z-axis is directed opposite to
final proton momentum p′, the y-axis is perpendicular
to the production plane, and the x-axis versor is defined
as xˆ = yˆ × zˆ. We describe the initial state pipi photo-
production in terms of Born amplitudes derived from the
phenomenological Lagrangian:
L = Lππγ + Lρπγ + Lωπγ + Lρππγ
+ Lρππ + Lρπω + LωNN + LρNN , (1)
where individual terms of Eq.(1) are defined in [22]. The
diagram representation of amplitudes obtained from this
Lagrangian is shown in Fig.2 and they have a general
form of
Vmm =
∑
r=I,II
u(p′, s′)Jr,mm · ε(q, λγ)u(p, s), (2)
where Jr,mm is the hadronic current, u(p, s) and u(p
′, s′)
- wave functions of the initial and final proton, respec-
tively, and ε the polarization vector of the incident pho-
ton which reads
ε(q, λγ) = (0, ε
λγ ), (3)
where
ελγ = − λγ√
2
(cos θq, iλγ , sin θq) (4)
and λγ is photon helicity. The photon polarization vector
is transverse to photon momentum:
q = |q|(− sin θq, 0, cos θq), (5)
and
cos θq =
E2 − E′2 − |q|2
2|q||p′| . (6)
The energies E and E′ of the initial and final proton
respectively, as well as photon energy |q| can be expressed
in terms of Lorentz invariant quantities:
E =
s−m2 + t
2Mππ
, E′ =
s−m2 −M2ππ
2Mππ
, (7)
3FIG. 2. The structure of diagrams corresponding to Born
photoproduction amplitudes
|q| = Mππ
2
− t
2Mππ
, (8)
where s is the γp energy squared, t is the square of the
4-momentum transfer from initial photon to the photo-
produced pipi system, m is the proton mass and Mππ is
the effective mass of two pions.
In Eq.(2) r = I corresponds to the sum over diagrams
where a = pi in Fig.2 (including the contact diagram)
and r = II corresponds to the sum of diagrams with
a = ρ or ω. The summary of these diagrams is shown in
Table I. The amplitude defined in Eq.(2) is then D-wave
mm r=I r=II
pi+pi− (a, b) = (pi±, ρ0) (a, b) = (ρ±, ω)
pi0pi0 (ρ0, ω), (ω, ρ0)
TABLE I. Summary of meson exchanges in Born amplitudes.
projected using the formula:
V 2Mmm =
1√
4pi
∫
dΩY 2M
∗
(Ω)Vmm. (9)
In our frame of reference, the momenta of photoproduced
pions can be expressed in terms of the solid angle Ω, i.e.,
k1 = −k2 = |k|κˆ(Ω). k1(k2) is the positive (negative)
pion momentum and κˆ = (sin θ cosϕ, sin θ sinϕ, cos θ). In
what follows we will write just k instead of |k| for brevity.
The general form of the current used in Eq.(2) is
Jµr,mm = (αr,mmg
µν + kµ1β
ν
1r,mm + k
µ
2 β
ν
2r,mm)
× {dr,mmγν + er,mm(p+ p′)ν}
(10)
where functions αr,mm, β1r,mm, β2r,mm, dr,mm and er,mm
are defined in [22]. It is interesting to note that terms of
Eq.(10) contained in curly braces do not depend on pion
momenta, and thus they can be factorized out of the
partial wave expansion. Physically, it means that in this
model the D-wave angular momentum projectionsM are
uncorrelated with nucleon spin projections. Finally, af-
ter all pion momentum independent terms are factorized
out of Eq.(9) we arrive at the D-wave projected tensor
defined as
P 2M,µνr,mm =
1√
4pi
∫
dΩY 2M
∗
(Ω)
(αr,mmg
µν + kµ1β
ν
1r,mm + k
µ
2β
ν
2r,mm).
(11)
Because of the photon polarization vector definition
[Eq.(3)], the only matrix elements of the tensor P 2Mr,mm
which enter the amplitude are P 2M,i0r,mm and P
2M,ij
r,mm , where
i, j = x, y, z. We stress that the form of the tensor P 2Mr,mm
is general and it can be used to construct other ampli-
tudes to describe transition of two vector particles into
two pseudoscalar ones, e.g. γγ∗ → mm, where mm can
be pipi, KK¯, piη. Therefore the full expressions for indi-
vidual matrix elements of the tensor P 2Mr,mm for r = I and
r = II are given in the Appendix.
B. Final state scattering amplitudes
The pipi final state scattering amplitudes tIℓ (sππ) =
t02(sππ) and t
2
2(sππ) for the D wave with isospin 0 and 2
respectively, have been described using parameterization
constructed and used in the recent dispersive data analy-
sis [24]. Their advantage over other parameterizations is
unitarity, analyticity and model independent formalism.
The D-wave amplitudes have been fitted to experimental
data up to 1.42 GeV and indirectly to a system of disper-
sion relations below 1.1 GeV. Two of these relations were
the Roy like ones, i.e., relations with imposed crossing
symmetry condition. One of them, presented and called
for short GKPY in[24], has been derived with one sub-
traction and proved to be very demanding which allowed
for very precise determination of directly fitted ampli-
tudes (S and P ) and, indirectly, other ones (D, F and
G). The general form of dispersion relations with one
subtraction for the D-wave amplitudes reads:
Re tI2(sππ) = d
I
2(sππ)
+
2∑
I′=0
3∑
ℓ′=0
−
s′ππ;max∫
4m2π
ds′ππK
II′
2ℓ′ (sππ, s
′
ππ)Im t
I′
ℓ′ (s
′
ππ)
(12)
4where I = 0, 2, sππ = M
2
ππ, s
′
ππ;max=1.42 GeV
2, and the
factors KII
′
2ℓ′ (sππ, s
′
ππ) are kernels derived with an im-
posed crossing symmetry condition. Terms dI2(sππ) com-
prise contributions from all partial waves above s′ππ =
s′ππ;max where the input amplitudes are described by
using the Regge formalism. Below s′ππ = s
′
ππ;max, all
partial wave amplitudes tI
′
ℓ′ (s
′
ππ) are parameterized by
using simple polynomials for phase shifts δ(s′ππ) and in-
elasticities η(s′ππ) which guarantees their unitarity; see
[24] for details. These amplitudes can be expressed by
experimental δI
′
ℓ′ (sππ) and η
I′
ℓ′ (sππ):
tI
′
ℓ′ (s
′
ππ) =
s′ππ(η
I′
ℓ′ (sππ)e
iδI
′
ℓ′
(sππ) − 1)
2i
√
s′ππ − 4m2π
. (13)
For the isoscalar D wave, these are of course dominated
by the f2(1270) resonance.
As has been presented in [25], although the D-wave
amplitudes were not fitted directly to the GKPY disper-
sion relations, they very well fulfill crossing symmetry
condition below about 0.8 GeV and quite well above this
energy.
Another argument in favor of our choice of parameter-
ization was that (see [24, 25]), although all amplitudes
(S-G partial waves) have been fitted separately to their
"own" data, they all had to be related with each other in
very wide energy range via simultaneous fit to the S and
P waves. These mutual relations are due to theoretical
crossing symmetry condition imposed on the amplitudes
in the Roy and GKPY equations. It guarantees mutual
consistency of all partial wave amplitudes and allows to
believe that isoscalarD wave amplitude will not need any
sizable further modifications in future.
C. Complete photoproduction amplitudes
The complete (i.e. including the final state inter-
actions) amplitude of the D-wave pi+pi− photoproduc-
tion contains the information on energy and momentum
transfer dependence of pipi photoproduction as well as the
pion momentum (or effective mass) dependence of the pipi
scattering amplitude with proper analytical structure en-
coded. It reads
〈λ′M |Aπ+π− |λγλ〉 = 〈λ′M |Vˆπ+π− |λγλ〉
+ 4pi
∑
m′m′
∫ ∞
0
k′
2
dk′
(2pi)3
F (k, k′)〈pi+pi−|tˆFSI |m′m′〉Gm′m′(M ′ππ)〈λ′M |Vˆm′m′ |λγλ〉
(14)
where Vˆ is the Born amplitude of the pi+pi− or pi0pi0
photoproduction, tˆFSI is the pipi scattering amplitude,
λ, λ′, λγ and M are, respectively, the helicities of the ini-
tial and final proton, photon helicity, and projection of
the pipi system angular momentum on the spin quanti-
zation axis z [which can be identified with the f2(1270)
helicity]. Gˆ is the propagator of the intermediate pion
pair and reads
Gm′m′(M
′
ππ) =
1
Mππ −M ′ππ(k′) + iε . (15)
F (k, k′) is the form-factor needed to regularize diver-
gent mesonic loop of diagram shown in Fig.1. Results
obtained in the S-wave calculations [22] suggest that
the particular value of this form-factor cut-off param-
eter may strongly affect calculated cross sections, and
thus it should be carefully fitted to the data. In this ex-
planatory study we limit ourselves to the on-shell part of
the amplitude and leave the problem of fitting the form-
factor parameter for further investigation. After integra-
tion and rewriting the pipi amplitude in terms of isospin
amplitudes, we arrive at the following expression:
〈λ′M |Aˆπ+π− |λγλ〉 =[
1 + irπ
(2
3
tI=0ππ +
1
3
tI=2ππ
)]〈λ′M |Vˆπ+π− |λγλ〉
+
1
3
[
irπ(−tI=0ππ + ti=2ππ )
]〈λ′M |Vˆπ0π0 |λγλ〉,
(16)
where rπ = −kMππ/8pi. First term in Eq.(16) describes
fully elastic scattering, while the second term is the
recharging term with a pair of neutral pions in the in-
termediate state converted to pi+pi− in the final state.
III. RESULTS
We have calculated the double differential cross section
using the same formula as in [22]. Out of 40 spin ampli-
tudes describing the D-wave pipi photoproduction only
20 are independent due to amplitude invariance under
parity transformation. So we choose the photon helic-
ity λγ = +1 as a reference helicity and refer to ampli-
tudes corresponding to various M as no flip, single flip
(either up or down), double flip amplitudes and so forth.
From Eq.(14) we see that strengths of the photoproduc-
tion amplitudes with different M entirely depend on the
5Born amplitudes and that final state interactions modu-
late these amplitudes uniformly. Moreover, the full pho-
toproduction amplitude consists of the part proportional
to Vπ+π− and Vπ0π0 . So it is interesting to know the
Born cross sections of individual partial waves for both
charged and neutral pion pairs. We show these cross sec-
tions in Figs. 3 and 4. It is worth mentioning that,
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FIG. 3. Born cross sections for pi+pi− photoproduction at
Eγ=3.5 GeV and Mpipi=1.27 GeV for different angular mo-
mentum projections (see legend).
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FIG. 4. Born cross sections for pi0pi0 photoproduction at
Eγ=3.5 GeV and Mpipi=1.27 GeV for different angular mo-
mentum projections (see legend).
while pi+pi− photoproduction is dominated by contribu-
tions ofM =+1,0 and -1 (dashed, dot-dashed and dotted
curves in Fig.3), pi0pi0 photoproduction has strong contri-
butions of partial waves corresponding to M = ±2 (dot-
dot-dashed and dash-dash-dotted curves, respectively, in
Fig.4). It can be understood as a consequence of dou-
ble vector meson exchange, as the Born amplitudes for
pi0pi0 photoproduction are only type II amplitudes. On
the other hand, the Born amplitudes for pi+pi− photopro-
duction have both type I and type II contributions with
dominating type I contribution.
In Figs. 5 and 6, we show theD-wave mass distribution
as well as mass distributions for M=-1,0,+1 compared
with the corresponding data from CLAS. The model
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FIG. 5. Model prediction for D-wave pi+pi− mass distribution
at Eγ = 3.3 GeV and −t=0.55 GeV
2 compared to CLAS data
(color online).
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FIG. 6. Model prediction for pi+pi− mass distribution forM=-
1 (left panel), M=0 (middle panel) and M=+1 (right panel)
at Eγ = 3.3 GeV and −t=0.55 GeV
2 compared to CLAS data
(color online).
quite well reproduces the shape of the resonance. The
slight asymmetry of the resonance and shift of its max-
imum towards lower masses observed in the experiment
may be attributed to the interference of the resonant D-
wave amplitude with flat contribution of other mecha-
nisms involving pion-nucleon rescattering (Drell mecha-
nism). This feature will be accounted for in further stud-
ies [27]. Another striking feature of mass distributions
corresponding to different values of angular momentum
projection is that, contrary to vector meson photopro-
duction where the dominating M coincided with the he-
licity of incident photon (+1 in our convention) in wide
6range of momentum transfers, D-wave photoproduction
is dominated by M = 0 amplitude. Our model very well
reproduces this feature. Moreover, for pi+pi− photopro-
duction it predicts small strengths of the partial waves
corresponding to M = ±2 (they amount to 3.3% and
1.6% of the total D-wave intensity, respectively). This
is in agreement with common practice in experimental
analyses, where amplitudes with |M | >1 are neglected
[9, 28, 29]. We stress, however, that this assumption is
not true for pi0pi0 where contributions of partial waves
with M=2 are significant.
In actual calculations, we have adopted the definition
of [30] and added the factor i to numerator of the prop-
agator (Eq.(15)) used in the isoscalar part of the ampli-
tude. This reflects the fact that the isoscalar amplitude
describes the correlated (resonating) pion pair of spin
2. On the other hand, the isotensor amplitude describes
two uncorrelated pions which essentially propagate in-
dependently, thus giving the overall factor of -1. This
heuristic argument can be substituted in phenomenolog-
ical applications by introducing an additional correction
phase between I=0 and I=2 amplitudes and treating it
as a model parameter.
IV. DISCUSSION AND OUTLOOK
We have presented the theoretical description of the
pi+pi− photoproduction in D-wave, treating the resonant
behavior of the amplitude as due to pion-pion final state
interactions. In this explanatory study we limited our-
selves to the on-shell part of the amplitude, leaving the
analysis of the off-shell effects for further study. S-wave
analyses suggest that off-shell effects can be strong in
fact, but proper fixing of the cut-off parameter requires
careful fitting to the data and thus accounting for other
mechanisms contributing to the D-wave amplitude (like
Drell mechanism). This will be the subject of our further
study. The model properly reproduces relative strengths
of different partial waves and, in particular, the fact that
the mass distribution in resonance region is dominated
by the M=0 partial wave. Additional check of the model
predictions will be the calculation of moments of pion
angular distribution and comparison with moments mea-
sured by CLAS experiment.
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Appendix: Matrix elements of the tensor P 2Mr,mm
In this Appendix, we present the detailed form of
the D-wave projected elements of the P 2Mr,mm tensor for
both type I and type II amplitudes. The spherical har-
monics Y lm
∗
(qˆ) used below are understood as Y lm
∗
(qˆ) =
Y lm(cos θq, ϕq = pi). This results from the definition of
the photon versor by Eq.(5). In formulas below the
off-diagonal, spacial (ie. i 6= 0 and j 6= 0) tensor ele-
ments are split into nonsymmetric and symmetric parts
P 2M,ijr = N
2M,ij
r + S
2M,ij
r for both type I and II ampli-
tudes. For type I amplitudes the tensor components read
(we omit the mm subscript for brevity):
P 2M,x0I = −
√
2
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
−1 m M
)
−
(
1 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(x), (A.1)
P 2M,y0I = −
√
2i
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
+1 m M
)
+
(
1 l 2
−1 m M
)]
Y lm
∗
(qˆ)Ql(x), (A.2)
P 2M,z0I = −2
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)(
1 l 2
0 m M
)
Y lm
∗
(qˆ)Ql(x), (A.3)
P 2M,xxI = P
2M,xx
I;1 + P
2M,xx
I;2 , (A.4)
where
P 2M,xxI;1 = −
√
2
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
−1 m M
)
−
(
1 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(x)qˆ
x,
7P 2M,xxI;2 = 4
√
4pi
6
k
|q|
4∑
l=0
l∑
m=−l
{√
2
3
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)
+
1√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[(
2 l 2
−2 m M
)
+
(
2 l 2
+2 m M
)
−
√
2
3
(
2 l 2
0 m M
)]}
Y lm
∗
(qˆ)Ql(x),
N2M,xyI = 0, (A.5)
S2M,xyI = 4i
√
4pi
30
k
|q|
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
+2 m M
)
−
(
2 l 2
−2 m M
)]
Y lm
∗
(qˆ)Ql(x), (A.6)
N2M,xzI = −2
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)(
1 l 2
0 m M
)
Y lm
∗
(qˆ)Ql(x)qˆ
z , (A.7)
S2M,xzI = 4
√
4pi
30
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
−1 m m
)
−
(
2 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(x), (A.8)
N2M,yxI = −
√
2i
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
+1 m M
)
+
(
1 l 2
−1 m M
)]
Y lm
∗
(qˆ)Ql(x)qˆ
x, (A.9)
S2M,yxI = S
2M,xy
I , (A.10)
P 2M,yyI = P
2M,yy
I;1 + P
2M,yy
I;2 , (A.11)
where
P 2M,yyI;1 = 0,
P 2M,yyI;2 = 4
√
4pi
6
k
|q|
4∑
l=0
l∑
m=−l
{√
2
3
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)
− 1√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[(
2 l 2
−2 m M
)
+
(
2 l 2
+2 m M
)
+
√
2
3
(
2 l 2
0 m M
)]}
Y lm
∗
(qˆ)Ql(x),
N2M,yzI = −
√
2i
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
+1 m M
)
+
(
1 l 2
−1 m M
)]
Y lm
∗
(qˆ)Ql(x)qˆ
z , (A.12)
S2M,yzI = −4i
√
4pi
30
k
|q|
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
−1 m M
)
+
(
2 l 2
+1 m M
)
,
]
Y lm
∗
(qˆ)Ql(x) (A.13)
N2M,zxI = −2
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)(
1 l 2
0 m M
)
Y lm
∗
(qˆ)Ql(x)qˆ
x, (A.14)
8S2M,zxI = S
2M,xz
I , (A.15)
N2M,zyI = 0, (A.16)
S2M,zyI = S
2M,yz
I , (A.17)
P 2M,zzI = P
2M,zz
I;1 + P
2M,zz
I;2 , (A.18)
where
P 2M,zzI;1 = −2
√
4pi
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)(
1 l 2
0 m M
)
Y lm
∗
(qˆ)Ql(x)qˆ
z ,
P 2M,zzI;2 = 4
√
4pi
3
k
|q|
4∑
l=0
l∑
m=−l
{√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)
+
2√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)(
2 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(x),
where x =
√
1 +m2π/k
2 and Legendre functions of the second kind are given by
Q0(x) =
1
2
ln
x+ 1
x− 1 ,
Q1(x) =
x
2
ln
x+ 1
x− 1 − 1,
Q2(x) =
1
4
(3x2 − 1) ln x+ 1
x− 1 −
3
2
x, (A.19)
Q3(x) =
2
3
− 5
2
x2 − 1
4
x(3 − 5x2) ln x+ 1
x− 1 ,
Q4(x) =
55
24
x− 35
8
x3 +
1
16
(3 − 30x2 + 35x4) ln x+ 1
x− 1 .
For type II amplitudes the corresponding tensor components are
P 2M,x0II = P
2M,x0
II;1 + P
2M,x0
II;2 , (A.20)
where
P 2M,x0II;1 = −
√
4pik|q| x√
6
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
−1 m M
)
−
(
1 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(y),
P 2M,x0II;2 =
k|q|
3
√
1
10
4∑
l=0
l∑
m=−l
{√
5·(2l+1)·5
(
2 l 2
0 0 0
)[√
6
(
ρ−1
(
2 l 2
−2 m M
)
− ρ+1
(
2 l 2
+2 m M
))
+
√
3ρ0
((
2 l 2
−1 m M
)
−
(
2 l 2
+1 m M
))
+ 2ρ+1
(
2 l 2
0 m M
)]
− 2
√
5ρ+1
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(y),
9P 2M,y0II = P
2M,y0
II;1 + P
2M,y0
II;2 , (A.21)
where
P 2M,y0II;1 = −i
√
4pik|q| x√
6
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
+1 m M
)
+
(
1 l 2
−1 m M
)]
Y lm
∗
(qˆ)Ql(y),
P 2M,y0II;2 =
ik|q|
3
√
1
10
4∑
l=0
l∑
m=−l
{√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[√
6
(
ρ+1
(
2 l 2
+2 m M
)
+ ρ−1
(
2 l 2
−2 m M
))
+
√
3ρ0
((
2 l 2
+1 m M
)
+
(
2 l 2
−1 m M
))}
Y lm
∗
(qˆ)Ql(y),
P 2M,z0II = P
2M,z0
II;1 + P
2M,z0
II;2 , (A.22)
where
P 2M,z0II;1 = −
√
4pik|q| x√
3
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)(
1 l 2
0 m M
)
Y lm
∗
(qˆ)Ql(y),
P 2M,z0II;2 =
k|q|
3
√
1
5
4∑
l=0
l∑
m=−l
{√
5·(2l+1)·5
(
2 l 2
0 0 0
)[√
3
(
ρ−1
(
2 l 2
−1 m M
)
+ ρ+1
(
2 l 2
+1 m M
))
+ 2ρ0
(
2 l 2
0 m M
)]
+
√
1·(2l+1)·5
(
0 l 2
0 0 0
)
ρ0
(
0 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(y),
P 2M,xxII = P
2M,xx
II;1 + P
2M,xx
II;2 + P
2M,xx
II;3 + P
2M,xx
II;4 + P
2M,xx
II;5 , (A.23)
where
P 2M,xxII;1 =
√
4pi[x(x2 + 1)k2 −m2πx+ x2|q|k]Y 2M
∗
(qˆ)Q2(y),
P 2M,xxII;2 = −
√
4pi
3
[k2(x2 + 1) +m2π]
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)
[
ρ−1
(
1 l 2
−1 m M
)
+ ρ0
(
1 l 2
0 m M
)
+ ρ+1
(
1 l 2
+1 m N
)]
Y lm
∗
(qˆ)Ql(y),
P 2M,xxII;3 = −
√
4pi
k|q|
3
{
4∑
l=0
l∑
m=−l
{√
2
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[√
3
(
ρ2−1
(
2 l 2
−2 m M
)
+ ρ2+1
(
2 l 2
+2 m M
))
+
√
6ρ0
(
ρ−1
(
2 l 2
−1 m M
)
+ ρ+1
(
2 l 2
+1 m M
))
+
√
2(ρ20 + ρ−1ρ+1)
(
2 l 2
0 m M
)]
+
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(y)
}
,
P 2M,xxII;4 = P
2M,xx
II;4a + P
2M,xx
II;4b ,
10
and
P 2M,xxII;4a = k
√
4pi
6
(2kx2 − |q|x)
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
−1 m m
)
−
(
1 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(y)qˆ
x,
P 2M,xxII;4b =
√
4pi
k|q|
3
√
2
{
4∑
l=0
l∑
m=−l
{
1√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[√
6
(
ρ−1
(
2 l 2
−2 m M
)
− ρ+1
(
2 l 2
+2 m M
))
+
√
3ρ0
((
2 l 2
−1 m M
)
−
(
2 l 2
+1 m M
))
+ (ρ+1 − ρ−1)
(
2 l 2
0 m M
)]
− (ρ+1 − ρ−1)
√
1·(2l+1)·5
(
0 l 2
0 m 0
)(
0 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(y)qˆ
x
}
,
P 2M,xxII;5 = −
√
4pixk2
{
4∑
l=0
l∑
m=−l
{
2
3
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)
+
√
2
15
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
−2 m M
)
+
(
2 l 2
+2 m M
)
−
√
2
3
(
2 l 2
0 m M
)]}
Y lm
∗
(qˆ)Ql(y)
}
,
N2M,xyII = 0, (A.24)
S2M,xyII = −i
√
4pixk2
√
2
15
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
+2 m M
)
−
(
2 l 2
−2 m M
)]
Y lm
∗
(qˆ)Ql(y), (A.25)
N2M,xzII = N
2M,xz
II;1 +N
2M,xz
II;2 , (A.26)
where
N2M,xzII;1 =
√
4pi
6
k(2kx2 − |q|x)
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
−1 m M
)
−
(
1 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(y)qˆ
z,
N2M,xzII;2 =
√
4pi
3
k|q|√
6
{
4∑
l=0
l∑
m=−l
{
1√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[√
6
(
ρ−1
(
2 l 2
−2 m M
)
− ρ+1
(
2 l 2
+2 m M
))
+
√
3ρ0
((
2 l 2
−1 m M
)
−
(
2 l 2
+1 m M
))
+ (ρ+1 − ρ−1)
(
2 l 2
0 m M
)]
− (ρ+1 − ρ−1)
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(y)
}
qˆz,
S2M,xzII = −
√
4pi
3
√
2
5
xk2
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
−1 m M
)
−
(
2 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(y), (A.27)
N2M,yxII = N
2M,yx
II;1 +N
2M,yx
II;2 , (A.28)
where
N2M,yxII;1 =
√
4pi
ik(2kx2 − |qx|)√
6
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
+1 m M
)
+
(
1 l 2
−1 m M
)]
Y lm
∗
(qˆ)Ql(y)qˆ
x,
11
N2M,yxII;2 =
√
4pi
ik|q|√
30
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[
ρ0
((
2 l 2
+1 m M
)
+
(
2 l 2
−1 m M
))
+
√
2
(
ρ+1
(
2 l 2
+2 m M
)
+ ρ−1
(
2 l 2
−2 m M
))]
Y lm
∗
(qˆ)Ql(y)qˆ
x,
S2M,yxII = S
2M,xy
II , (A.29)
P 2M,yyII = P
2M,yy
II;1 + P
2M,yy
II;2 + P
2M,yy
II;3 + P
2M,yy
II;4 + P
2M,yy
II;5 , (A.30)
where
P 2M,yyII;1 = P
2M,xx
II;1 , P
2M,yy
II;2 = P
2M,xx
II;2 , P
2M,yy
II;3 = P
2M,xx
II;3 ,
P 2M,yyII;4 = 0,
P 2M,yyII;5 = −
√
4pi
√
2
3
xk2
{
4∑
l=0
l∑
m=−l
{√
2
3
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)
− 1√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
−2 m M
)
+
(
2 l 2
+2 m M
)
+
√
2
3
(
2 l 2
0 m M
)]}
Y lm
∗
(qˆ)Ql(y)
}
,
N2M,yzII = N
2M,yz
II;1 +N
2M,yz
II;2 , (A.31)
where
N2M,yzII;1 =
√
4pi
ik(2kx2 − |qx|)√
6
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)[(
1 l 2
+1 m M
)
+
(
1 l 2
−1 m M
)]
Y lm
∗
(qˆ)Ql(y)qˆ
z ,
N2M,yzII;2 =
√
4pi
ik|q|√
30
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[
ρ0
((
2 l 2
+1 m M
)
+
(
2 l 2
−1 m M
))
+
√
2
(
ρ+1
(
2 l 2
+2 m M
)
+ ρ−1
(
2 l 2
−2 m M
))]
Y lm
∗
(qˆ)Ql(y)qˆ
z ,
S2M,yzII =
√
4pi
3
√
2
5
ik2x
4∑
l=0
l∑
m=−l
√
5·(2l+1)·5
(
2 l 2
0 0 0
)[(
2 l 2
−1 m M
)
+
(
2 l 2
+1 m M
)]
Y lm
∗
(qˆ)Ql(y), (A.32)
N2M,zxII = N
2M,zx
II;1 +N
2M,zx
II;2 , (A.33)
where
N2M,zxII;1 =
√
4pi
3
k(2kx2 − |q|x)
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)(
1 l 2
0 m M
)
Y lm
∗
(qˆ)Ql(y)qˆ
x,
N2M,zxII;2 =
√
4pi
3
k|q|
{
4∑
l=0
l∑
m=−l
{
1√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[√
3
(
ρ−1
(
2 l 2
−1 m M
)
+ ρ+1
(
2 l 2
+1 m M
))
+ 2ρ0
(
2 l 2
0 m M
)]
+ ρ0
√
1·(2l+1)·5
(
0 l 2
0 0 0
)}
Y lm
∗
(qˆ)Ql(y)
}
qˆx,
12
S2M,zxII = S
2M,xz
II , (A.34)
N2M,zyII = 0, (A.35)
S2M,zyII = S
2M,yz
II , (A.36)
P 2M,zzII = P
2M,zz
II;1 + P
2M,zz
II;2 + P
2M,zz
II;3 + P
2M,zz
II;4 + P
2M,zz
II;5 , (A.37)
where
P 2M,zzII;1 = P
2M,xx
II;1 , P
2M,zz
II;2 = P
2M,xx
II;2 , P
2M,zz
II;3 = P
2M,xx
II;3 ,
P 2M,zzII;4 = P
2M,zz
II;4a + P
2M,zz
II;4b ,
P 2M,zzII;4a =
√
4pi
3
k(2kx2 − |q|x)
3∑
l=0
l∑
m=−l
√
3·(2l+1)·5
(
1 l 2
0 0 0
)(
1 l 2
0 m M
)
Y lm
∗
(qˆ)Ql(y)qˆ
z,
P 2M,zzII;4b =
√
4pi
3
k|q|
{
4∑
l=0
l∑
m=−l
{
1√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)
[√
3
(
ρ−1
(
2 l 2
−1 m M
)
+ ρ+1
(
2 l 2
+1 m M
))
+ 2ρ0
(
2 l 2
0 m M
)]
+ ρ0
√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(y)
}
qˆz,
P 2M,zzII;5 = −
√
4pi
2
3
xk2
{
4∑
l=0
l∑
m=−l
{√
1·(2l+1)·5
(
0 l 2
0 0 0
)(
0 l 2
0 m M
)
+
2√
5
√
5·(2l+1)·5
(
2 l 2
0 0 0
)(
2 l 2
0 m M
)}
Y lm
∗
(qˆ)Ql(y)
}
.
where for particle a exchanged in the upper part of dia-
grams shown in Fig. 2
y = x+
m2a −m2π
2|q|k . (A.38)
The coefficients ρ−1, ρ0 and ρ−1 are used in the expansion
of the product qˆ · κˆ in terms of spherical harmonics:
qˆ · κˆ =
√
4pi
3
+1∑
m=−1
ρmY
1
m(Ω) (A.39)
and can be expressed by the angle between photon mo-
mentum and spin quantisation axis as ρ0 = cos θq, ρ±1 =
± sin θq/
√
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